We study an improved three-dimensional Ising model with external magnetic field near the critical point by Monte Carlo simulations. From our data we determine numerically the universal scaling function of the magnetization, that is the equation of state. For the purpose of normalization of the scaling function we calculate the critical amplitudes of the magnetization and of the susceptibility on the critical line, the phase boundary and the critical isochore. From these amplitudes we derive the universal amplitude ratios C + /C − = 4.756(28) and R χ = 1.723(13). We find excellent agreement of the data with the parametric representation of the asymptotic equation of state as found by field theory methods. The comparison of the susceptibility data to the corresponding scaling function shows a marginal difference in the symmetric phase, which can be explained by the slightly different value for R χ used in the parametrization.
Introduction
The Ising model is the simplest non-trivial spin model with critical behaviour. In three dimensions the universality class of the Ising model includes as well many real physical systems as also theoretical models which exhibit a continuous phase transition. Important examples are known from condensed matter physics and high-energy physics (see for instance the detailed review in Ref. [1] ). Due to their simplicity and the many physically relevant applications the 3d Ising model and members of the corresponding universality class belong to the most extensively studied systems. In these investigations both a variety of analytic methods [1] - [3] and Monte Carlo simulations have been used to calculate the universal quantities characterizing the universality class, such as critical exponents and amplitude ratios.
In the vicinity of the critical point the behaviour of the order parameter, the magnetization, is described by an asymptotic scaling function. The function depends on the temperature and on the magnetic field and is universal apart from two metric factors which are specific for the model under consideration. It is asymptotic in so far as it is valid in the thermodynamic limit, that is for V → ∞, and for T → T c , so that irrelevant scaling fields can be neglected. In order to be comparable to other model systems the scaling function has to be normalized which amounts to fixing the metric factors. There exist numerous parametrizations (see e. g. Refs. [1] and [4] - [6] ) of the equation of state. Since a parametric form of a scaling function has to describe the critical behaviour of the respective observable in accord with the known critical exponents and amplitude ratios these are usually taken either as an input to fix the parameters or as a check. Further critical quantities may then eventually be calculated from the parametrizations.
Instead of relying only on the known critical parameters one can in principle directly determine the scaling functions from simulation data, taking at most the critical exponents as input. This has already been achieved in the case of the threedimensional O(2) [7] and O(4) vector models [8, 9] for the equation of state. In the 3d Ising model class (the O(1) vector model) no such attempt has been undertaken as far as we know. In this paper our main intention is to accomplish the same for that universality class and to compare the parametric representation of the equation of state as found from field theory [3, 4] directly to simulation results. It is clear, that for this project primarily simulations with non-zero magnetic field are required. The usual simulations at zero magnetic field can at best serve to normalize the scaling function. The principal difficulties which we expect are due to the use of finite volumes in the simulations and to the finiteness of the critical region where scaling works. In order to attenuate these problems we use relatively large lattices with up to 120 points in each direction and we employ an improved Ising model to reduce corrections to scaling.
The model which we want to study is the one-component φ 4 or Landau-Ginzburg model. It is defined by
Here x and y are the nearest-neighbour sites on a three-dimensional simple cubic lattice, φ x is the field variable at site x and H is the external magnetic field. We consider the coupling constant J as inverse temperature, that is J = 1/T . In contrast to the ordinary Ising model the length of the spins φ x in Eq. (1) is not fixed to one. For λ = 0 one obtains the Gaussian model, whereas in the limit λ → ∞ the simple Ising model is recovered. By choosing an appropriate λ-value it is then possible to eliminate leading order corrections to scaling. This has been shown numerically in Refs.
[10]- [12] for H = 0. There is however a drawback in using a finite λ: we cannot directly verify our results by comparison with the known, non-universal amplitudes (see e. g. Ref. [13] ) of the normal Ising model.
The observables which we want to measure in our simulations are the magnetization M and the susceptibility χ. The magnetization is the expectation value of the lattice average φ of the spin variable
where V = L 3 and L is the number of lattice points per direction. As long as H is non-zero and the volume large enough there is no problem with this definition. At zero magnetic field, H = 0, however, the lattice average of the spins will have a vanishing expectation value on all finite lattices, that is φ = 0 . At very small magnetic fields and/or small L we approximate M therefore by [14] M ≃ |φ| .
On finite lattices the magnetization of Eq. (3) approaches the infinite volume limit from above, whereas M as defined by Eq. (2) for H = 0 reaches the thermodynamic limit from below. The susceptibility is defined as usual by the derivative of the magnetization
The rest of the paper is organized as follows. First we discuss the critical behaviour of the observables and the universal scaling functions, which we want to calculate. In Section 3 we describe some details of our simulations. Section 4 serves to determine the amplitudes of the magnetization and the susceptibility. In the following Section 5 we compare our data for the equation of state to a parametrization from field theory. We close with a summary and the conclusions.
Critical Behaviour and Scaling Functions
In the thermodynamic limit (V → ∞) the observables show power law behaviour close to T c . It is described by critical amplitudes and exponents of the reduced temperature t = (T − T c )/T c . The scaling laws at H = 0 are for:
and the susceptibility
On the critical line T = T c or t = 0 we have for H > 0 the scaling laws
and
We assume the following hyperscaling relations among the critical exponents to be valid
As a consequence only two critical exponents are independent. Because of the hyperscaling relations and the already implicitly assumed equality of the critical exponents above and below T c one can construct a multitude of universal amplitude ratios [15] (see also the discussion in Ref. [1] ). From the amplitudes in Eqs. (5) (6) (7) (8) we can determine the following two universal ratios
The critical behaviours of the magnetization and the susceptibility originate from the singular part of the free energy density. In the thermodynamic limit it obeys the scaling law
Here b is a free length rescaling factor, and
We have neglected possible dependencies on irrelevant scaling fields u i with exponents y i < 0. Close to T c and for H → 0 the remaining relevant scaling fields u t and u h are proportional to the reduced temperature, u t ∼ t, and the magnetic field, u h ∼ H, that is one can replace u t and u h by a normalized reduced temperature t = tT c /T 0 and magnetic field h = H/H 0 . To be definite we assume in the following that H is positive. Choosing the scale factor b such that b y h h = 1 we find
and using M = −∂f s /∂H we arrive at
where Φ s and f G are universal scaling functions once the normalizations are fixed. The relation (15) 
where
We take the standard normalization conditions
which imply
The two forms (15) and (16) are of course equivalent. The function f G (z) and its argument z are related to x and y by
Correspondingly the normalization conditions (18) translate into
Since the susceptibility χ is the derivative of M with respect to H we obtain from Eq. (15)
with
The asymptotic behaviour of f χ for H → 0 at fixed t, that is for z → ±∞, is determined by Eq. (6)
We note, that the amplitude for z → ∞ is simply the universal ratio R χ , whereas for z → −∞ it is the analogous quantity R − χ = R χ /U 2 . The leading terms for f G are respectively
in accord with the normalization (22) . The asymptotical identity f G = f χ for z → ∞ is due to the fact that for T > T c and small magnetic field M is proportional to H.
Simulation Details
In the numerical simulation of the model (1) we followed the examples given by Brower and Tamayo [18] and Hasenbusch [12] . They combined a simple local Metropolis algorithm for the update of the field with a cluster algorithm, which only updates the sign of the fields φ x at fixed values of the modulus |φ x |. During the cluster update the system is therefore treated as an Ising model with link-dependent coupling constants J xy = J|φ x ||φ y | and local magnetic fields H x = H|φ x |. In order to achieve ergodicity of the entire update process the two algorithms have to be used in an alternating manner. In a local Metropolis step a new proposal φ ′ x for the field is produced by [12] 
where r is a uniformly in (0,1] distributed random number and s an adjustable size parameter. The prescription (28) obviously allows for changes of the lengths of the spins. For the cluster algorithm we chose Wolff's single cluster update [19] , which was modified to include a non-zero magnetic field [20] . This variant was also successfully used in previous simulations of the O(2) [7] and O(4) spin models [9] . A complete Monte Carlo update consists then of n consecutive cluster updates followed by a Metropolis sweep of the entire lattice.
As explained in the introduction we aim at minimizing the corrections to scaling. We have therefore fixed the parameter λ of the model to the optimal value λ = 1.1 found by Hasenbusch [12] . The very precise value J c = 0.3750966(4) for the corresponding critical coupling was adopted from the same paper. All our simulations were done on three-dimensional lattices with periodic boundary conditions and linear extensions ranging from L = 24 to L = 120. The size parameter s in Eq. (28) was set to s = 2. That resulted in acceptance rates of 59% to 67% in the Metropolis step for the simulated J and H-values. The number n of cluster updates was chosen in the region 10 ≤ n ≤ 25 for T > T c and in the cold phase (T < T c ) in the range 3 ≤ n ≤ 8. Between two measurements of the observables 20 to 50 Monte Carlo updates were performed, such that the integrated autocorrelation times of the The coupling constant region which we have explored was 0.365 ≤ J ≤ 0.4, the magnetic field was varied from H = 0 to H = 0.005. The critical region, where asymptotic scaling works, is clearly inside this parameter range. We come back to this point when we discuss our data for the scaling functions. Further details on the Monte Carlo update, for example on the distribution of the modulus of the spins, can be found in Ref. [21] .
The Critical Amplitudes of M and χ
We consider first our results for the magnetization at H = 0 and T < T c . The primary objective here is to determine the normalization T 0 or equivalently the critical amplitude B of (5). In Fig. 1 we show M from Eq. (3) as a function of T c − T for different lattice sizes. The temperatures correspond to coupling constants in the range 0.376 ≤ J ≤ 0.4 . In order to eliminate finite-size effects at a fixed J (or T ), we have simulated at increasingly larger values of L.
We have fitted the results from the largest lattices to the following ansatz taking into account possible analytic and non-analytic corrections to scaling 
because we wanted to test the corresponding equation of state. The remaining exponents were determined from the hyperscaling relations (9) . Instead of these field theory results we could as well have used the exponents of Hasenbusch [12] or the estimates proposed by Pelissetto and Vicari [1] . The difference is marginal, the various exponent results coincide within the error bars. The fit with the ansatz (29) nicely confirms the expected absence of the leading non-analytic correction term: b 1 is zero within error bars. The best fit to the points with T c − T < ∼ 0.10 and
with χ 2 /N f = 0.8 . From b 0 we obtain
On the critical isotherm, that is at T c , we have measured the magnetization for H > 0 on lattices with L = 24, 48, 72, 96 and 120 using Eq. (2). The results are shown in Fig. 2 . We observe an increasing finite size dependence close to H = 0. The results from the largest lattices have been fitted to the ansatz
In the H-interval [0.00005, 0.0005], however, only the leading term is of relevance. A fit in this interval with simply the first term in (33) leads to The remaining amplitudes B c 1,2 may then be determined from a subsequent fit to all available data. As on the coexistence line we find that the value for the leading non-analytic correction amplitude B 
Our next aim is the determination of the critical amplitudes C ± . To this end we have evaluated the data of the susceptibility below and above the critical temperature for H = 0. The data points are plotted in Figs. 3 (a) and (b) as a function of (T c −T ) and (T −T c ), respectively. Inspired by our experience with the magnetization in the cold phase, we have directly used a fit ansatz without a non-analytic correction term. The data points from the largest lattices in the range 0.01 ≤ T c −T < ∼ 0.10 lead to χ = 0.1006(5)(−t)
with χ 2 /N f ≈ 1.3 . Note that here we have used the reduced temperature as variable. A corresponding ansatz in the symmetric phase (T > T c ) shows that the correction term is zero inside the error bars. The points from the largest lattices are however well described by the leading term only with
Here, χ 2 /N f ≈ 1.2 . From the fits (37) and (38) 
This enables us to calculate the two universal amplitude ratios U 2 = 4.756 (28) and R χ = 1.723 (13) .
The ratio U 2 is in excellent agreement with two other MC results: 4.75(3) from the standard Ising model [22] and 4.72(11) from (3+1)-dimensional SU(2) gauge theory [23] , as well as other results (see Table 11 in [1] ). The result for R χ is the first one solely from MC calculations. It is in agreement with 1.57(23) from Refs. [13, 24] and slightly higher than the result 1.660(4) from Refs. [6, 25] .
The Magnetic Equation of State
After having determined the normalizations T 0 and H 0 we can calculate the universal scaling function of the magnetization for the Ising class. To this end we have performed further simulations at 14 couplings in the range 0.385 ≤ J ≤ 0.365 with external fields H varying between 0.0001 and 0.005 . We convinced ourselves that the used lattice extensions were large enough to produce volume independent results. For that purpose L = 48 was sufficient at high temperatures (small J), closer (26) and (27) . The numbers refer to the different J = 1/T -values of the data, the star indicates the normalization point f G (0) = 1.
to T c lattices with linear extension L = 72 and 96 were needed. The finite size effects diminished with increasing field, generally they were stronger in the cold phase than in the hot phase. In Fig. 4 we present the results for f G (z) obtained from the magnetization data in the coupling range 0.38 ≤ J ≤ 0.37. Obviously these data are scaling well. Since the data from the couplings J = 0.385 and 0.365 showed already slight deviations from scaling behaviour we have discarded them. Similarly, limitations were found for the scaling H-regions. The data for f G (z) were scaling for J = 0.38 only up to H = 0.0003, for J = 0.378 to J = 0.375 up to H = 0.0005 and for J = 0.3745 to J = 0.372 up to H = 0.0015. At J = 0.37 the scaling H-range was limited again by H = 0.0003. Only data within these parameter ranges are shown in Fig. 4 . From the amplitude ratios U 2 and R χ in (40) one can calculate the asymptotic forms (26) and (27) of f G (z). As can be seen in Fig. 4 , the data for f G coincide with the corresponding asymptotic form already for z < ∼ − 4 and z > ∼ 6 − 7.
The numerically determined scaling function can now be compared to parametric representations of the equation of state. A prominent and widely accepted representation of the equation of state is that of Guida and Zinn-Justin [3, 4] , which is based on field theory methods. They parametrize the equation of state in terms of two new variables R and θ by setting [26] - [28] 
where m 0 and h 0 are two normalization constants. Because M is linear in θ this is also known as the linear model. The functionĥ(θ) is an odd function and was approximated by a 5th order polynomial with the following coefficients [3] h(θ) = θ − 0.76201(36)θ 3 + 0.00804(11)θ 5 .
In Ref. [4] slightly different coefficients are given. The functionĥ(θ) in (44) has two zeros. The one at θ = 0 corresponds to h = 0, t > 0, the second at θ 0 = 1.154 to the coexistence line h = 0, t < 0. For θ = 1 one obtains the critical line t = 0. Using the normalization conditions (18) one finds
The Widom-Griffiths scaling variables x and y are only functions of θ
The same applies to the scaling function f G and its argument z
In Fig. 4 the solid line represents the parametrization from Eq. (47) withĥ(θ) from (44). Evidently, the agreement between the data and the solid line is excellent. Also, the asymptotic form for z < 0 coincides directly with the parametrization in a large range, whereas the asymptotic form for z > 0 is marginally higher in the shown large z-range.
We have also plotted the data in the Widom-Griffiths form. The small x-region is shown in Fig. 5a , the large x-region in Fig. 5b . This kind of representation of the equation of state is asymmetric with respect to the critical point: the cold or broken phase (T < T c ) extends in x from −1 to 0 and in y from 0 to 1, the hot phase (T > T c ) reaches in x from 0 to infinity and in y from 1 to infinity. Since the magnetization appears here in both variables small deviations from scaling are easier to detect than in Fig. 4 . This applies in particular to the cold phase. Therefore we included only points for x < 0 in Fig. 5a with H ≤ 0.0003, because the points with larger H-values exhibited already very slight, but perceptible deviations. In the hot phase we could use all the points already displayed in Fig. 4 . As in Fig. 4 , the data show in the Widom-Griffiths representation a similarly impressive agreement with the parametrization of the equation of state by Zinn-Justin [3] .
The scaling function f χ (z) of the susceptibility is connected via Eq. (24) to the scaling function f G (z) of the magnetization. It is therefore in principal known. On the other hand we have direct data for χ from our simulations which allows for another check of parametric representations and the scaling hypothesis. In Fig. 6 we show the respective data from the same simulations which contributed already the magnetization results to Fig. 4 . Again we observe an explicit scaling of the data. In comparison to the parametrization of Zinn-Justin [3] we find complete agreement in the cold phase (z < 0) and a slightly increasing small difference to the data in the hot phase (z > 0). The reason for this little discrepancy lies in the different asymptotic amplitudes which are used in the parametrization and which we measured from our data. The amplitude in question is R χ . In the parametrization scheme one derives
This results in the number R χ = 1.666 , whereas we found from our amplitude measurements on the critical line and at h = 0 the value R χ = 1.723 (13) , that is a slightly higher number. The data shown in Fig. 6 are consistent with that finding: at larger z-values they coincide with the corresponding asymptotic curve.
Summary and Conclusions
In this paper we have calculated the equation of state for the universality class of the three-dimensional Ising model directly from Monte Carlo simulations. There are essentially three difficulties one encounters in such an enterprise: finite size effects, corrections to scaling and the unknown size of the critical region, where scaling works and the equation of state describes the critical behaviour of the magnetization. In order to minimize the corrections to scaling we have studied the improved Ising model as proposed in Ref. [12] . We used cubic lattices of linear extension L in the range 48 to 120 to prevent finite size effects and performed a large number of simulations with non-zero magnetic field H at different couplings J = 1/T to identify the critical region. Further simulations at H = 0 and at T = T c served to determine the critical amplitudes of the magnetization M and the susceptibility χ. In particular, we have calculated the amplitude B c of the magnetization for the first time from MC simulations. The critical behaviour of M and χ on these lines in the H, T -plane could indeed be described well without the leading correction-toscaling term. From the amplitudes, which are different from those of the standard Ising model, we derived the universal amplitude ratios C + /C − = 4.756(28) and R χ = 1.723 (13) , well in accord with other MC and analytic results.
As it turned out, the critical region extends only to rather small values in the external field H, especially in the region below the critical temperature. We have compared our scaling magnetization data to the parametric representation of the equation of state by Guida and Zinn-Justin [3, 4] and find excellent agreement between theory and numerical experiment. The comparison of the susceptibility data to the corresponding scaling function shows a marginal difference in the symmetric phase, which however can be explained by the slightly different value for R χ used in the parametrization.
We intend to determine in a forthcoming paper also the scaling function and amplitudes of the correlation length from the same simulations.
